The main aim of this paper is to develop a client/server-based model for computing the weighted Moore-Penrose inverse using the partitioning method as well as for storage of generated results. The web application is developed in the PHP/MySQL environment. The source code is open and free for testing by using a web browser. Influence of different matrix representations and storage systems on the computational time is investigated. The CPU time for searching the previously stored pseudo-inverses is compared with the CPU time spent for new computation of the same inverses.
Introduction
Since the mid-1990s, there has been a surge of interest among the academics and practitioners in an open source software (OSS). There are many successful projects in OSS community, primarily the Mozilla web browser, the Linux operating system, the Apache web server, and to a lesser extent, PHP [12] and the Perl programming languages, as well as the MySQL database. OSS has drawn the attention of users and developers because of its economic benefits [11] .
PHP is an OSS, and it is free for downloading and use. Main characteristics of PHP are described in [12] .
MySQL has become the world's most popular open source database system because of its consistent fast performance, high reliability and ease of usage. Besides the fact that it is free, MySQL offers a wide range of possibilities [5, 27] .
SQL is the standard language used for querying and analysis of data in a relational DBMS [4] . Unfortunately, SQL has no vector and matrix computations. Interesting code for matrix SQL operations can be found in [16] . The SQL constructions and the SQL primitives for data mining are proposed in [2] . However, these constructions do not offer adequate and flexible tools for matrix manipulation. A graphical SQL query generator and query operators with embedded matrix objects are disclosed in [3] .
Implementation of some vector and matrix operations based on programming user-defined functions (UDFs) is studied in [15] . UDFs represent a C programming interface that allows the definition of scalar and aggregate functions that can be used in SQL. UDFs have several advantages and limitations. An UDF allows fast evaluation of arithmetic expressions, memory manipulation, using multidimensional arrays and exploiting all C language control statements.
The organization of the paper is as follows. Motivation of the paper is described in the second section. In the third section, we describe application details. In the fourth section, we develop a data storage and computing system, which manipulate with different types of matrices, based on the PHP/MySQL environment. Functions and procedures are hardwired to a common matrix table.
Influence of different matrix representations in conjunction with storage systems to performances of the implemented software is considered through numerical experiments. All test matrices and the results can be stored in files and the database on the server-side. A few illustrative examples and comparative studies are presented in the last section.
Preliminaries and motivation
Some mathematical formulations and motivation are involved in this section. Let C be the set of complex numbers, C m×n be the set of m × n complex matrices, and C m×n r = {X ∈ C m×n : rank(X) = r}. For any matrix A ∈ C m×n and positive definite matrices M and N of the orders m and n, respectively, consider the following equations in X, where * denotes the conjugate and transpose: The matrix X satisfying (1), (2) , (3M) and (4N) is called the weighted Moore-Penrose inverse of A, and it is denoted by X = A For the sake of completeness, we restate the algorithm introduced in [26] , applicable to rational and constant matrices. The algorithm is quite appropriate for computation of the weighted MoorePenrose inverse as well as the Moore-Penrose inverse and the regular inverse. 
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Comparison of searching in large databases with recomputation in recursive algorithms is one of the questions on which we will focus in this article. The partitioning method is chosen in our article because of its recursive structure. Substantial effort is dedicated to a tight coupling of database and matrix computations, particularly in the inversion problem. Our idea is to memorize all input and resulting matrices in database tables, and as we need some of them, simply find results in the appropriate table. Obviously, it is more efficient to find results on the server rather than perform recomputation, in the case when input matrices and requested operations are stored on the server side. This approach skips the computational logic and reduces the CPU time. We discuss the implementation of Algorithm 2.1 on a numerical DBMS and present experimental results demonstrating the performance benefit.
Many scientists ignore the fact that most of data that are subject to analysis has been already exploited and can be stored in database systems, as well as that database systems provide powerful mechanisms for accessing, filtering and indexing data. We develop an application which memorizes all input matrices and results of performed matrix computations. The main challenge is at first to identify appropriate matrix representations and secondly to implement them using numerical DBMS extension facilities, e.g. storing, indexing, searching, etc. To achieve our aim, we implemented and tested different methodologies for storing matrices in the database and systems of the matrix representation (application logic) in the three-tier architecture.
We develop an algorithm for storing every input matrix and results of computations by a database system. The algorithm is applied in order to develop the client/server web application for computing the Moore-Penrose inverse, the weighted Moore-Penrose inverse as well as the fundamental matrix operations. Based on the analysis of available algorithms and our previous work in this area [17] [18] [19] [20] [21] [22] [23] [24] , we have identified operations, which are useful for a number of similar algorithms. The following figure illustrates our idea. We compare the input matrices (entered in the web forms) and required matrix operations with matrices and operations in the database table. If these matrices and required operations exist in a database table, the computational logic is determined by the steps (1, 2, 3, 4, 5). Otherwise, the computational logic follows the path (1, 2, 3, 6, 7, 5), as it is illustrated in Figure 1 .
An extension of DBMS with fundamental vector and matrix operators supported by programming in the PHP/MySQL environment is studied. We experimentally compare the influence of different matrix representations and storage systems in computation of the weighted MoorePenrose inverse using client-server architecture and SQL, with respect to performance, ease of use, flexibility and scalability. The PHP scripting language is used as our middle-tier scripting language in the three-tier architecture model of the web database application.
The research questions, we should answer in this article are the following:
• Can PHP/MySQL environments help in writing common matrix operations aimed for computing the generalized inverse? • Can we take advantages of the PHP language to implement vector and matrix operations in a database? • How different matrix representations, implemented using client-server architecture and SQL, enhances to performance, ease of use, flexibility and scalability of algorithms for computing generalized inverses?
In the present article we, continue the idea used in [19] , where the matrix database storage is used in the pseudo-inverse computation. Besides the routines which compute the weighted Moore-Penrose inverse, we develop a set of routines for implementation of the matrix library. In this way, we also continue results from [8] , where a dynamic parallel matrix library is introduced. Our fundamental matrix operations include addition, subtraction, multiplication of two matrices, computation of determinants, as well as the pseudo-inverse and the weighted pseudo-inverse computations. All these operations are considered for both dense and sparse matrices, with a possibility of expansion on diagonal, triangular and symmetric sparse matrices. We also overcome results from the paper [14] , where a set of FORTRAN subroutines for testing computer programs aimed for computing the generalized inverse is presented. Usage of the programming language PHP overcomes bounds of the FORTRAN and C subroutines from [8, 14] in the following possibilities:
(1) Usage of the web-oriented programming paradigm available in PHP in conjunction with HTML and XML;
(2) Usage of the object-oriented programming; (3) Possibility to use the data storage system available in MySQL database system; (4) Usage of the Apache web server.
Therefore, the main idea is to provide an appropriate client-server application, in the free open source PHP/MySQL development environment, utilizing the minimum of resources: Internet browser and the operating system.
Application details
Database developer SQL and SQL Server does not support direct operations on matrices. However, because tables and matrices share the same structures, SQL allows easy manipulations with matrices. The present article demonstrates a few SQL techniques for performing basic matrix operations. As we have mentioned, our idea is to implement a client-server application supported by the database usage, in order to find a solution which is already placed in the database. Our application makes possible operations with one, two and/or three arguments. The application is a combination of PHP/MySql elements and implements special database operations, which support the SQL software implementation of a wide range of algorithms. Figure 2 shows how the application works. Each input matrix is, firstly, transformed into a string, with the elements separated by commas. Then the generated strings, subject to the required operations, are compared with data stored in the database. If the searching criteria are successfully ended, then a recomputation is not needed, and the result will be displayed immediately in an appropriate web form.
The possibilities offered by the application are the following:
• unary operations: unary matrix operations, where only a single matrix and an optional coefficient is used to produce a unique result. • ternary operations: operations involving three matrices, such as the computation of the weighted Moore-Penrose inverse A † MN .
User can define input matrices in two ways:
• by element-wise entering values for elements of the matrices;
• by uploading a txt file, which contains matrix entries, under the assumption that matrix rows match with lines of the file and matrix elements are separated with the blank character.
For this approach, a suitable web interface has been developed, which is illustrated in Figure 3 . How does the application work? General algorithm is defined globally based on the next three steps.
The first step. The user chooses a matrix operation that will be implemented, via web browsers. The second step. Select the type of matrix that will be proceeded and define entries. There are three types of matrices for processing: dense, sparse or test matrices. Moreover, it is possible to define entries of the input matrix in one of the next three ways, as it is illustrated in Figure 4 :
• loading the matrix from an existing textual file, using the button Browse. Matrix is stored in memory as txt file, assuming that the elements of the matrix are separated with a comma, and the matrix rows are separated by the new line.
• entering the number of rows, columns and later values of the elements.
• entering a complete matrix in the text area box, assuming that its entries are separated by the blank character.
The third step: Generate and preview the solution. All the once handled matrices, chosen operations and the generated results of processing are stored on the server in the appropriate form in txt files. In this way, it is possible to avoid recomputations and download solutions of previously performed operations. Users are also allowed to use ready-made test samples. 
The storage system
The matrices and their storage representations implemented in the paper can be classified in the following two groups.
Randomly generated and test matrices are stored in the database in two different storage systems. The row matrix format (R format) assumes that all matrix elements are placed in a vector, so that the matrix is represented as a string containing values of the matrix elements separated by the comma. On the other hand, the mR format represents a matrix in a database table under the assumption that the number of records in the table is equal to the number of rows of the matrix.
Sparse unstructured matrices are matrices whose entries are equal to zero for the most part and possess a distribution of the non-zero entries which do not match any specific pattern. There are various storage schemes, which minimize the memory space and computational requirements, by storing and performing arithmetic with only the non-zero elements. The simplest sparse matrix storage structure is the Coordinate Format (COO format) [1] , where the matrix is stored in three appropriate vectors, which represent the underlying sparse structure. The first vector (resp. the second vector) stores the row indices (resp. the column indices) for all non-zero entries. The third vector stores non-zero entries of the sparse matrix.
The SQL codes for creating the data structure and tables on the MySQL database server are described as follows. The CREATE TABLE statement has three parts:
• A table name succeeds the CREATE TABLE statement.
• A list containing attribute names, types, and modifiers succeeds and is placed between the parenthesis.
• A key list follows after the attribute list between the parenthesis.
In our implementation, we use only two different names for tables, namely matrices_in and matrices_out.
# T a b l e s t r u c t u r e f o r t a b l e ' m a t r i c e s _ i n ' CREATE TABLE m a t r i c e s _ i n ( i d _ i n i n t ( 1 1 ) NOT NULL a u t o _ i n c r e m e n t , e l e m e n t s _ i n l o n g t e x t NOT NULL, d i m e n s i o n t i n y t e x t NOT NULL, t e s t t i n y t e x t NOT NULL, s p a r s e t i n y t e x t NOT NULL,
# T a b l e s t r u c t u r e f o r t a b l e ' m a t r i c e s _ o u t ' CREATE TABLE m a t r i c e s _ o u t ( i d _ o u t i n t ( 1 1 ) NOT NULL a u t o _ i n c r e m e n t , e l e m e n t s _ o u t l o n g t e x t NOT NULL,
o p e r a t i o n t i n y t e x t NOT NULL, m a t r i x _ I i n t ( 1 1 ) NOT NULL d e f a u l t '0 ' , m a t r i x _ I I i n t ( 1 1 ) NOT NULL d e f a u l t '0 ' , m a t r i x _ I I I i n t ( 1 1 ) NOT NULL d e f a u l t '0 ' , r t i n y i n t ( 4 ) NOT NULL d e f a u l t '0 ' , s t i n y i n t ( 4 ) NOT NULL d e f a u l t '0 ' , p t i n y i n t ( 4 ) NOT NULL d e f a u l t '0 ' , q t i n y i n t ( 4 ) NOT NULL d e f a u l t '0 ' ,
The fields used in the database tables are described as follows.
• id_in or id_out: identification number, defined as auto_increment;
• elements_in or elements_out: string of type longtext, containing matrix entries separated with the comma character.
• dimension: string of the form 'm × n' which contains dimensions m and n of the matrix;
• test: string representing the name of a test matrix from [28] [28] in the particular case a = 1, matrix_B is randomly generated and the matrix_C is sparse and unstructured. 
The corresponding fragment of the table matrices_in is illustrated in Table 1 . Three different matrices are stored in Table 1 . The matrix_A, which represents the test matrix A 11×10 from [28] , is accommodated in the first row of the table. The representation of the matrix_B is placed in its second row. In the third, fourth and fifth rows is the sparse matrix representation for matrix_C in the COO format.
The adjoint fragment of the table matrices_out is illustrated by Table 2 , where A(−1) and A(MN ) denote the inverse and the weighted Moore-Penrose inverse, respectively. 
Relations between matrix representations and matrix storage systems
We present different methods for computing the pseudo-inverse A † MN and executing fundamental matrix operations, depending on the relationship between the implemented storage systems and matrix representations. As we have already mentioned, matrices are stored in the database in three formats: the R format, the mR format and the COO format (only for the sparse matrix).
To accelerate the search of the resulting matrices stored in the database as well as to improve the pseudo-inverses computation, we exploit correlations between the presented storage systems indicated in Figure 5 .
We implemented different computational systems for dense as well as for sparse matrices in order to detect the best. For dense matrices, we use the computational systems illustrated in Figure 6 (a). For sparse matrices, we use a more suitable computational system, as shown on Figure 6 (b).
UDFs for both dense and sparse matrices are implemented in the 2D array format. UDFs for sparse matrices are adapted to COO format storing system, opposite to UDFs for dense matrices, which are adapted to R format.
Implementation of matrix operations
Implementation of an arbitrary matrix operation in the database tier can be described by the following algorithm.
Algorithm 4.2 Implementation of an arbitrary matrix operation.
Require: Input matrices.
1: Define the input matrices and/or coefficients for processing and select the matrix operation. 2: Form the strings which define elements of entered matrices, applying Procedure 4.2 for each input (dense) matrix. 3: Search entered matrix in the database performing Procedure 4.3 4: if the input matrices and required operations exist in the database then 5: search the solution applying Procedure 4.5 6: if the solution exists then 7: goto Step 16 8: else 9: goto Step 14 10: end if 11: else 12: Store entered matrix by applying Procedure 4.4 and goto Step 14. 13: end if 14: Processing the input matrix executing Procedure 4.8. 15 : Store the result performing Procedure 4.7. 16 : return the result from the database using Procedure 4.6
We provide some procedures, applicable to dense matrices, that are used in our implementation. . " , " ; $ s t r i n g = $ s t r i n g . $ f i l e [ $ i ] ; } $ s t r i n g 1 = $ s t r _ r e p l a c e ( " " , " , " , $ s t r i n g ) ; $ s t r i n g 2 = s u b s t r ( $ s t r i n g 1 , 0 , s t r l e n ( $ s t r i n g 1 ) − 1 ) ; / / v e c t o r o f a l l e l e m e n t s from m a t r i x r e t u r n $ s t r i n g 2 ; } f u n c t i o n p r e s e n t e d _ r e s u l t ( $ r e s u l t , $m , $n ) { f o r ( $ i =0 , $z = 0 ; $i <$m ; $ i ++){ f o r ( $ j = 0 ; $j <$n ; $ j ++ , $z ++){ $ r e s u l t = round ( $ r e s u l t [ $z ] , 3 ) ; echo " < i n p u t name= e l e m e n t s [ ] t y p e = t e x t s i z e = \ " 4 \ " ma x l e n g t h = \ " 5 \ " v a l u e = \ " $ r e s u l t \ " c l a s s = \ " s t y l e 2 1 \ " r e a d o n l y = \ " r e a d o n l y \" > " ; } echo " < br > " ; } } Procedure 4.7 The next code is aimed to store the result of the matrix manipulation. f u n c t i o n e n t e r _ s o l u t i o n ( $ r e s u l t , $ o p e r a t i o n , $id_m1 , $id_m2 , $id_m3 , $r , $s , $p , $q ) { $ d b _ l i n k = d b _ c o n n e c t ( ) ; $ s t r i n g = i m p l o d e ( $ r e s u l t , " , " ) ; $ q u e r y =" i n s e r t i n t o MATRICES_OUT (ELEMENTS_OUT , OPERATION , MATRIX_I , MATRIX_II , MATRIX_III , R , S , P , Q) v a l u e s ( ' $ s t r i n g ' , ' $ o p e r a t i o n ' , ' $id_m1 ' , ' $id_m2 ' , ' $id_m3 ' , ' $r ' , ' $s ' , '$p ' , ' $q ' ) " ; $ r e s u l t = m y s q l _ q u e r y ( $query , $ d b _ l i n k ) ; }
The pseudo-inverse computation
The Php code which implements the weighted Moore-Penrose inverse A † M,N according to Algorithm 2.1. Branching in the code is defined according to the selected storage system for our database table. Results of the testing show that the best processing time is achieved in the case when matrices are presented in the form of 2D arrays.
Example 5.3
In this example, we compare the CPU times obtained during the computation of the pseudo-inverse A † MN (in the case when the input matrices are not stored in the database) with the CPU times required for searching the same results (in the case when the input matrices are stored in the database). Matrices are presented in 2D array representation, R format storage system ( Table 5) .
The CPU time required for searching the solution from the database is negligible with respect to the time needed for the recalculation, especially if the matrix has larger dimensions. Let us mention that 10,030 records are stored in the table matrices_in at the moment of testing. Table 6 . The arranged results show that the smallest computational time is obtained in the case when the matrix is presented in the format of 2D array, R format storage system.
Testing was done on the local machine and from client in a wireless network. We had an access to the web server using the infrastructure mode wireless networking with an access point. Testing was executed on the server machine with: Windows edition: Windows Vista (TM) Ultimate; Processor: Intel(R) Pentium(R) Dual CPU T3200 @ 2.00 GHz; Memory (RAM): 2940 MB; System type: 32-bit Operating System; Free Software: WAMP 5 1.7.4 installs: PHP5.2.5, Apache2.2.6 Server, MySQL5.0.45 and phpMyAdmin2.11.2.1.
The CPU time shows that searching of a matrix which is given in the R format gives better results than the searching of the same matrix presented in the mR format. Furthermore, the best results are obtained in the case when matrices are represented in view of the 2D arrays (on the middle tier), application logic adapted to the R format, and matrices are stored in the R format in the database. Searching time is inversely proportional with the number of data transferred between the middle of the application tier and the database tier.
Conclusions
This research contributes to the development of an OSS application and construction of the matrix library, especially in computation of the generalized inverses. Several storage technics are discussed and tested in the PHP/MySQL environment. Data's preparation as an important preprocessing step of data mining is a further application for database matrix computations. There are several issues for future work. We plan to develop mechanisms which decrease memory usage and minimize the searching time in accordance with different storage systems. Furthermore, it is possible to adapt UDFs to sparse structured matrices, such as diagonal matrices, sparse symmetric matrices, triangular matrices, Toeplitz matrices, etc. We need to identify other mathematical operations with wide applicability that can be implemented with the PHP/MySQL environment, thereby enhancing the DBMS data mining functionality. Also, further implementation of the matrix library will be based on the principles of Object-Oriented Programming.
